A key feature of cohomology is the existence of a commutative multiplication. This multiplication is induced by the cup product on cochains. While the product gives the cohomology a structure of a commutative ring, the cup product on the cochains is not commutative for arbitrary coefficients. The large number of cochains on any given space together with non-commutativity of the cup product makes any effective computation with cochains difficult.
Motivated by the rational deRham complex and its success in the rational homotopy theory, attempts were made to construct, for any space, a cochain complex with a commutative multiplication whose cohomology would be the cohomology of the space for any coefficient ring. One such construction was given by Cartan and Miller ([1] , [4] ). The commutative product in their complex induces the multiplication on cohomology with integer coefficients up to an additional factor, depending on the representing cochains. Another commutative cochain complex was constructed by Cenkl and Porter ("DeRham theorem with cubical forms," Pacific J. Math. 112 (1984), 35-48) . In that paper we used a ring system for coefficients to solve the commutative cochain problem (as formulated in §5) for any space in terms of polynomial differential forms on simplices. The solution is the best possible in the sense of Theorem 2. The multiplication induced on cohomology by the commutative product of forms in that complex is exactly the usual one. A construction of the cohomology operations 22 BOHUMIL CENKL could be also done by defining an appropriate generalized product in that complex.
The deRham complexes of Cartan-Miller and Cenkl-Porter have been used for the computations of the cohomology of the fundamental groups of nilmanifolds. The deRham complex of Cenkl-Porter also turned out to be suitable for the construction of a free model in the tame homotopy theory.
The constructions of the cohomology operations presented in this paper constitute part of the program to study the role of commutative algebras in homotopy theory. In fact it seems to be the first construction of the cohomology operations based on the operations in a commutative cochain algebra. 
is the composition of the map
with the /?-bold product y: Γ^ ® <g> T Qp -• Γ^; i.e., 7 = 0g. = 0 in dimensions < /.
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From the identity (ii) it follows that 1 = 1,2,...,p>2.
In particular φ^. = φ Ui = \J i is the cup-/ product and φ^Q is the p-fold cup product.
Cohomology operations. Here we assume that p is a prime. Let e q : C*(X; Γ ρ ) -> C*(X; Z p ) be the map induced by the coefficient map which sends y^ to the generator 1 of Έ p . Define Let ^ be the map induced by φ? on the cohomology restricted to the diagonal. Then the /7th cyclic reduced power, ^", of Steenrod [7] is the operation
Let ^: C*(X; Γ 9 ) -^ C*(X; Z/p-'Z) be the map induced by the coefficient map T q -> Z/p /'Z, y g -+ 1. Furthermore, let Σ* = Yf k~i \ kTP' h e l [π] . Then we define the map
If φP is the restriction to the diagonal of the map induced by φP on the cohomology then the Pontrjagin-Thomas /?th power is the operation which commutes with the wedge and cup products.
There exists a family of cochain operations on the deRham complex A(X) inducing the Steenrod cyclic reduced powers and the PontrjaginThomas pth powers for each prime p. The following properties of the cup and wedge products and of the map μ allow us to define a family of such operations:
(i) The wedge product on A{X) is commutative and associative. (ii) The cup product on C(X) is associative and commutative in dimension zero.
(iii) The map μ is multiplicative in dimension zero.
(iv) There exists a transformation of functors τ: C -• A which is a chain homotopy equivalence such that μτ = identity.
The proof of (i) and (iii) can be found in . p-fold wedge-/ product on forms. In this part we use the following notation are acyclic on models in the dimensions bounded by the filtration q from above ( [2] , [3] ); C kΆ is corepresentable; μ commutes with products in dimension zero. Furthermore, both the wedge product on A and the cup product on C are associative. Therefore the /?-fold wedge product and the p-fold cup product : C p are well-defined.
Hence we can prove, by the method of acyclic models that: REMARK. μ Pi \ is a generalization of the transformation // 2 ,i used by Gugenheim [3] to prove that the map of the bar constructions
B(μ): B(A) -+ B(C), induced by μ, is a map of coalgebras.
The transformation μ lx of [3] extends also in another direction. Suppose that a\ 9 a2,... is the O-sequence used in the definition of the /7-fold cup-/ product and that τ: C kΆ -• ^4^'^ is a transformation of functors with the properties: dτ = τd, μτ = /, and that τμ is chain homotopic to the identity ( [2] ).
LEMMA. Let μ: A -» C be the transformation of functors induced by integration and let
DEFINITION. The /7-fold wedge-/ product ((^-product) is the map
φP Q = φ^= the /7-fold wedge product.
Proofs.
Proof of the Proposition. The statement is proved by the method of acyclic models. Denote by Af 9 C f the functors associated with Af 9 Ci respectively and by φ: A k -> Af 9 φ: Q ->-C/ the transformations which composed with the canonical maps ψ: Af -> Af, ψ: C, -• C/ give the identity. See [2] or [3] for the definitions. by Then Now we assume that the formula (1) These results were obtained jointly with R. Porter. They were announced in [2] . From the acyclic model theorem it follows that there is a transformation μ: B* -• O, unique up to homotopy, with R commutative. We assume that μ* in (iii) is an isomorphism for all p and all simplicial sets X.
Proof of the
Since B* is acyclic on models and Λ is commutative, the arguments used in the construction of higher homotopies applied to B* imply the existence of maps μr. {B®B) 
